Calculating smooth trajectories of bounded curvature has received a very wide attention in the robotic literature of the last 40 years. Most results focus on the study of wheeled non-holonomic vehicles and are concerned with 2D path generation algorithms. The problem of smooth and least curvature 3D path planning is addressed with a variational approach and the general 3D Euler-Poisson equation is derived. The 2D solution is calculated as the plane projection of the general 3D solution and some special 2D cases are analyzed. It is shown that if some special conditions are satis ed along the 2D path the optimal solution is approximated by the well known Cornu spiral; moreover in these same conditions the optimal solution and the Cornu spiral are approximated by the more familiar cubic polynomial. Applications to rigid body underwater dynamics are discussed.
Introduction
The problem of nding a smooth and minimum curvature trajectory between two given con gurations a con guration is a point and direction in the plane has received a wide attention in the robotic literature, specially regarding the steering of non-holonomic mobile robots, but has also been discussed within other elds such a s civil engineering or computer graphics. Minimizing the path's curvature is a very interesting planning criterion also for rigid bodies moving in a uid environment, as objects grasped by underwater manipulators or underwater vehicles. Pressure drag sometimes called form drag and added mass hydrodynamic loads are proportional to the surface of attach of the moving body, t h us if the velocity vector is kept parallel to the major body surface, minimizing the curvature will minimize uid forces applied on the body during curves. From the pioneering work of Dubins 1 who calculated the shortest path of bounded curvature among two con gurations, many other authors focused their attention on the generation of bounded curvature 2D paths. In synthesis Dubins' results state that the shortest 2D path of bounded curvature between to xed con gurations may be traced joining straight lines and circular arcs of curvature smaller or equal to the maximum allowed. More recently these results have been discussed and elegantly re ned by J.D. Boissonnat Kanayama et al. 5 , and that is at the center of the present paper, is the integral over the path's lengths of its square curvature. The minimization of such quantity with xed boundary con gurations is a problem with an interest of its own as such cost function can be physically interpreted as proportional to the elastic energy of the curve. Due to this fact the sought plane path is sometimes called the least energy curve in literature. Indeed this interpretation makes the problem appealing also to researchers of other elds as A.M.Bruckstein et al. 7 , B.K.P.Horn 8 and M.Kallay 12 who addressed a very similar problem to the one here discussed within a different framework and formulation. It will be shown that Horn's 8 and Kallay's 12 2D results can be viewed as the projection on a plane of a more general 3D Euler-Poisson equation. In Section 2 the problem is formally stated and underwater applications are explicitly discussed. In Section 3 the general 3D solution is derived through variational calculus and some 2D special cases are discussed. In Section 4 the main 2D solution properties are discussed while in Section 5 some 2D examples and results are shown. Section 6 focuses on the concluding remarks. should be kept null. Note that the constraint on null sway makes the present problem very similar to the well known non-holonomic car-like path planning problem.
Yaw v elocity r and acceleration dr dt should be minimized as the large lateral surface produces strong moments along the z axis. Lift forces can be controlled through the value of surge velocity u. Thus assuming that v = 0 and that surge u velocity i s k ept constant and small to avoid added mass stresses and limit lift e ects, the major dissipative force acting on the body will be caused by drag rotation moment in the z direction that is linear in r. The if L ! 1 it is always possible to nd a path for which " ! 0 as can be understood from gure 1. The cost on line segments is null and its value on the arc of circle d P 1 P 2 is r , s o i f p o i n ts P 1 and P 2 tend to in nity also r will and " will tend to zero. The junctions between straight lines and the arc of the circle where curvature is not de ned can be made smooth with a Cornu spiral 10 which will not a ect the cost when P 1 and P 2 tend to in nity.
Solutions of in nite length as the one shown in gure 1 can not be found by v ariational calculus as they belong to the closure of the open set of curves in R 2 . It will be demonstrated that if js , 0 j holds, a nite length solution never exists, so either an additional constraint on total length must be added or the cost function must bechanged in order to penalize length. the contrary, the total length is not xed equation 6 must hold with xed boundary con gurations, analogue to 2 in 2D, and with the constraint o f n ull variation due to the moving boundary f . The expression of the variation due to the moving boundary f can be calculated extending the same techniques 11 adopted when F depends on a single function and it's rst derivative, i.e. F = Fx; yx; y 0 x, to the present situation where F = F; x; y; z; x 0 ; y 0 ; z 0 ; x 00 ; y 00 ; z 00 . Assuming equation 6 to be satis ed the variation due to moving boundary is previously estimated to match the given boundary conditions. Note that if ks = 0 for some s there may b e a n ambiguity in the choice of k's sign: this situation occurs whenever the path has an S shape and must be dealt with some attention. A possible solution, yet not the only and perhaps not the best one, is to x some via-points among which curvature does not change sign. The problem of nding 3D paths minimizing the integral of their square curvature over length with xed boundary con gurations has been addressed and solved with a variational approach for an arbitrary curve parameterization equation 10 . It has been shown that the projection of this general solution on a plane is in agreement with the 2D results obtained starting from Cartesian parameterized curves by B.K.P.Horn 8 and M.Kallay 12 within computer graphics research. Underwater path planning applications have been suggested and discussed. Moreover it has been shown both, that given suitable boundary con gurations the optimal path linking them is a Cornu spiral, and that in the same situation such curve is approximated by a simple cubic polynomial. The major drawback of the proposed planning method is related to the solution of the non linear system 12 in particular for S shaped paths. Future work will focus on numerical algorithms to overcome these di culties.
